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Abstract 

In this paper we give presentations for the monoid 'D'Pn of all partial isometries on {1,..., n} and for its 
submonoid OWn of all order-preserving partial isometries. 
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Introduction 

Semigroups of order-preserving transformations have long been considered in the literature. A short, and by no 
means comprehensive, history follows. In 1962, Aizenstat [1] and Popova [25j exhibited presentations for On, 
the monoid of all order-preserving full transformations on a chain with n elements, and for VOn, the monoid of 
all order-preserving partial transformations on a chain with n elements. Some years later, in 1971, Howie [2T] 
studied some combinatorial and algebraic properties of On and, in 1992, Gomes and Howie [l8] revisited the 
monoids On and VOn- Certain classes of divisors of the monoid On were determined by Higgins m in 1995 and 
by Fernandes [8j in 1997. More recently, Laradji and Umar [231 presented more combinatorial properties of 
these two monoids. The injective counterpart of On, i-e. the monoid VOIn of all injective members of VOn, 
has been object of study by the first author in several papers p 0 [la iia [i3], by Derech in [5], by Cowan 
and Reilly in [3], by Ganyushkin and Mazorchuk in m, among other authors. Presentations for the monoid 
VOXn and for its extension VOVXn, the monoid of all injective order-preserving or order-reversing partial 
transformations on a chain with n elements, were given by Fernandes [TO] in 2001 and by Fernandes et al. [T3| 
in 2004, respectively. See also HI], for a survey on known presentations of transformations monoids. We notice 
that the first author together with Delgado PIT] have computed the abelian kernels of the monoids VOXn and 
VOVXn, by using a method that is strongly dependent of given presentations of the monoids. 

The study of semigroups of finite partial isometries was initiated by Al-Kharousi et al. in P [3]. The first 
of these two papers is dedicated to investigate some combinatorial properties of the monoid VVn of all partial 
isometries on {1,... ,n} and of its submonoid OWn of all order-preserving (considering the usual order of N) 
partial isometries, in particular, their cardinalities. The second one presents the study of some of their algebraic 
properties, namely Green’s structure and ranks. Recall that the rank of a monoid M is the minimum of the set 
{|A| I A C M and X generates M}. See e.g. [20] for basic notions on Semigroup Theory. 

The main aim of this paper is to exhibit presentations for the monoids VVn and OVVn- We would like to 
point out that we made considerable use of computational tools, namely, of GAP [16j . 

Next, we introduce precise dehnitions of the objects considered in this work. 

‘This work was developed within the FCT Project PEst-OE/MAT/UI0143/2014 of CAUL, FCUL, and of Departamento de 
Matematica da Faculdade de Ciencias e Tecnologia da Universidade Nova de Lisboa. 

^This work was developed within the FCT Project PEst-OE/MAT/UI0143/2014 of CAUL, FCUL, and of Institute Superior de 
Engenharia de Lisboa. 
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Let n € N and = {1,. .., n} C N (with the usual arithmetic and order). Let be the symmetric inverse 
semigroup on i.e. the monoid, under composition of maps, of all partial permutations of Xn. 

Let a G We say that a is order-preserving (respectively, order-reversing) if, for all i,j G Dom(a), i < j 
implies ia < ja (respectively, ia > ja). Clearly, the product of two order-preserving transformations or two 
order-reversing transformations is an order-preserving transformation and the product of an order-preserving 
transformation by an order-reversing transformation, or vice-versa, is an order-reversing transformation. On 
the other hand, we say that a is an isometry if, for all i,j G Dom(a), \ia — ja\ = \i — j\. 

Define 

VOT>Xn = {a G I a is order-preserving or order-reversing}, 

VOXn = {a G I a is order-preserving}, 

X)'Pn = {a G I a is an isometry} 

and 

OWn = {a G I a is an order-preserving isometry}. 

All these sets are inverse submonoids of2„ (see [Ill[3]). Obviously, VOX^ C VOVXn and OWn = VVntXPOXn- 
Moreover, as observed by Al-Kharousi et al. [3j, we also have T>Vn ^ VOVXn- 
For simplicity, from now on we consider n > 3. 

1 Preliminaries 

Let X be a set and denote by X* the free monoid generated by X. A monoid presentation is an ordered pair 
(X I R), where X is an alphabet and Ris a subset of X* x X*. An element {u, v) of X* x X* is called a relation 
and it is usually represented hy u = v. To avoid confusion, given rt, n G X*, we will write u = v, instead of 
u = V, whenever we want to state precisely that u and v are identical words of X*. A monoid M is said to be 
defined by a presentation (X \ R) if M is isomorphic to X* jpji, where pn denotes the smallest congruence on 
X* containing R. For more details see [22] or |26] . 

Given a hnite monoid T, it is clear that we can always exhibit a presentation for it, at worse by enumerating 
all its elements, but clearly this is of no interest, in general. So, by Ending a presentation for a finite monoid, 
we mean to find in some sense a nice presentation (e.g. with a small number of generators and relations). 

A usual method to find a presentation for a finite monoid is described by the following result, adapted for 
the monoid case from |26l Proposition 3.2.2]. 

Theorem 1.1 (Guess and Prove method) Let M he a finite monoid, let X be a generating set for M, let 
R C X* X X* be a set of relations, and let W C X*. Assume that the following conditions are satisfied: 

1. The generating set X of M satisfies all the relations from R; 

2. For each word w G X*, there exists a word w' € W such that the relation w = w' is a consequence of R; 

3 . jWj < |M|. 

Then, M is defined by the presentation {X \ R). 

Notice that, if W satisfies the above conditions then, in fact, jVFj = |M|. 

Let X be an alphabet, R C X* x X* a set of relations and W a subset of X*. We say that IF is a set of 
forms for the presentation (X | R) if the condition 2 of Theorem 11.11 is satisfied. Suppose that the empty word 
belongs to W and, for each letter x G X and for each word w G W, there exists a word w' ^ W such that the 
relation wx = w' is a consequence of R. Then, it is easy to show that VF is a set of forms for (X | R). 

Given a presentation for a monoid, another method to find a new presentation consists in applying Tietze 
transformations. For a monoid presentation (A | ii), the four elementary Tietze transformations are: 
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(Tl) Adding a new relation u = v to {A\ R), providing that u = v is a consequence of i?; 

(T2) Deleting a relation u = v from (A | i2), providing that u = v is a consequence of R\{u = v}; 

(T3) Adding a new generating symbol b and a new relation b = w, where w £ A*] 

(T4) If (A I R) possesses a relation of the form b = w, where b £ A, and w £ (A\{6})*, then deleting b from 
the list of generating symbols, deleting the relation b = w, and replacing all remaining appearances of b 
by w. 

The next result is well-known (e.g. see my- 

Theorem 1.2 Two finite presentations define the same monoid if and only if one can be obtained from the 
other by a finite number of elementary Tietze transformations (Tl), (T2), (TS) and (T4). 

As for the rest of this section, we will describe a process to obtain a presentation for a finite monoid T 
given a presentation for a certain submonoid of T. This method was developed by Fernandes et al. in [H] and 
applied there to construct a presentation, for instance, for the monoid VOVXn- Here we will apply it to deduce 
a presentation for VVn- 

Let T be a (finite) monoid, 5 be a submonoid of T and y an element of T such that y^ = 1. Let us 
suppose that T is generated by S and y. Let X = {xi,..., Xk} {k € N) be a generating set of S and {X \ R) a 
presentation for S. Consider a set of forms W for {X \ R) and suppose there exist two subsets Wa and VFg of W 
and a word uq £ X* such that W = Wa U Wp and uq is a factor of each word in Wa- Let V = X U {y} (notice 
that Y generates T) and suppose that there exist words vo,vi,... ,Vk £ X* such that the following relations 
over the alphabet Y are satisfied by the generating set T of T; 

(M?i) yxi = Viy, for alH € {1,... , /c}; 

(M?2) uoy = Vo- 

Observe that the relation (over the alphabet Y) 

(M?o) = 1 

is also satisfied (by the generating set T of T), by hypothesis. 

Let 

R = RU NRq U NRi U M ?2 and W = W U {wy \ w £ Wp} C Y*- 
Under these conditions, Fernandes et al. m Theorem 2.4], proved: 

Theorem 1.3 IfW contains the empty word then W is a set of forms for the presentation (Y \ R)- Moreover, 
if \W\ < \T\ then the monoid T is defined by the presentation (Y \ R)- 

2 Some properties of the monoids OWn and Wn 

The cardinals (among other combinatorial properties) of the monoids OWn and T^Vn were computed by 
Al-Kharousi et al. in [2]. They showed that 

\OWn\=^-‘2A-^{n + l) and = 3 • 2”+^ - (n + 2)^ - 1. 

Next, we present another (short) proof of these equalities that, in our opinion, gives us more insight. 

Let T+ = {a £Tn \ i Y ice} (extensive partial permutations), T“ = {a £ In \ ice < i} (co-extensive partial 
permutations), OWfi = OWn CT+ and OW~ = OWn CT“. On the other hand, it is easy to check that 

OWn = {a £ In \ ia — i = ja — j, for all i,j £ Dom(Q;)}. 
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Then, clearly, 


OVVn = ovrt u OVV- and E{In) = OVV^ n OVV- , 

where E{In) denotes the set of all idempotents of In, which is formed by all partial identities of Xn- Furthermore, 
given a nonempty subset X of Xn, in OWn, we have exactly min(X) co-extensive transformations with domain 
X and n — max(X) + 1 extensive transformations with domain X. For example, the elements of OVPg with 
domain {3, 5,6} are 


3 5 6 
1 3 4 


3 5 6 
2 4 5 


3 5 6 
3 5 6 


3 5 6 

4 6 7 


3 5 6 
5 7 8 


and 


3 5 6 
6 8 9 


(respectively, 3 co-extensive and 4 extensive transformations). Since the number of (nonempty) subsets of Xn 
with minimum equal to k is 2"'“^ and the number of (nonempty) subsets of Xn with maximum equal to k is 
2^“^, for 1 < A; < n, we may deduce that 


ifc-i 


\OVVn\ = I+ ^k2^-^ and \OVV^\ = I+ Y^{n - k + 1)2^ 
k=l k=l 

On the other hand, it a routine to show that 1 -|- k2^~^ = 2""+^ — (n + 1) = 1 + — k + 1)2^“^, 

whence 

\ovVn \ = \ovr^\ = 2*"+^ - (n + 1). 

Finally, since \E{In)\ = 2"', we get 

\OVVn\ = lOVVnl + pvrt\ - \E{In)\ = 2(2*"+^ - (n + 1)) - 2” = 3 • 2*" - 2(n + 1). 

Now, let 


h = 


1 2 
n n — 1 


n — 1 n 
2 1 


eVVr 


Notice that the identity (of Xn) and h are the only permutations of Wn- On the other hand, given a € Wn, it is 
clear that a is an order-reversing transformation if and only if ha (and ah) is an order-preserving transformation 
(see mi)- Hence, as a = h'^a = h{ha), it follows that the monoid Wn is generated by 0'DVnk\{h}. Moreover, 
it is also easy to deduce that 


Thus 


Wn = OWn U h ■ OWn and OWn n h ■ OWn = {oi ^ In \ \ Dom(a)| < 1}. 

\Wn\ = \OWn\ + \h-OWn\-\{a^In\\l^oui{a)\<l}\ 

= (3 • 2” - 2(n 1)) + {3-2'^ - 2{n 1)) - (n^ -h 1) 

= 3 • 2”+i - (n-h 2)2 - 1. 

Next, we recall that Al-Kharousi et al. proved in [3] that OWn is generated hy A = {xi | 1 < i < n} (as a 
monoid), where 

1 ••• n — i — 1 n — i + 1 ■■■ n 

1 ••• n — i — 1 n — i + 1 ■■■ n 


Xi = 


for 1 < z < n — 2, 

Xn—l — 


1 2 
2 3 


n — 2 n — 1 

n — 1 n 


and Xn = 


2 3 
1 2 


n — 1 n 
n — 2 n — 1 


Moreover, they also proved that A is the unique minimal (for set inclusion) generating set of OWn, from which 
follows immediately that OT>Vn has rank equal to n (as a monoid). 

Now, since OI>Vn U {h} generates the monoid Wn, it follows that B = Au {h} is also a generating set 
of Wn- Moreover, it is easy to show that Xn-i = hxnh and Xn-i-i = hxih, for 1 < z < n — 2. Therefore 
C = {h,Xn} U {xi I 1 < z < L^^J} i® another generating set for Wn- Observe that C as elements, 

which coincides with the rank of IVn 13 ]. 
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3 A presentation for OWn 


Consider the set A = {xi | 1 < i < n} as an alphabet (with n letters) and the set R formed by the following 
+ 3 monoid relations: 

{Ri) xf = Xi, 1 < i < n — 2] 

{R 2 ) XiXj = XjXi, l<i<j<n — 2 ] 

{R 3 ) Xn-lXi = Xi+iXn-l, 1 < i < U - 3] 

(/?4) XnXi+i = XiXn, I < 1 < Ti - 3] 

(i^s) x‘l_^Xn = XiXn-i; 

{Rq) XfiX^_i — Xn—lXn—2': 

{Rj) X^Xfi—l — Xn—2Xn: 

(it’s) Xn-ixl = XnXi] 

{Rg) Xn—lXfiXfi—l — Xji—l, 

(-^lo) XnXn—lXfi — Xn, 

X” = Xi • • • Xn-2Xn-lXn-2] 

(i?12) X^+^ = X- 

This section is dedicated to prove that {A | ii) is a presentation for the monoid OWn-, using the method 
given by Theorem ll.il 

Observe that we can easily deduce from R the following four relations, which are useful to simplify some 
calculations: 

222 2 22j22 /"iN 

XlX„_l=X„_i, X„_iXn-2 = Xn- 2 Xn = X^ and X„Xi = X„. (1) 

First, it is a routine matter to prove that all relations over the alphabet A from R are satisfied by the 
generating set A of OT>Vn (with the natural correspondence between letters and generators). 


Next, 

, we define 

our 

set of forms for (^ | i?). 




Let 










Wn-l = {xi. 


n—lXni XfiXfi—l} 


Notice that |lFri,-i| 

= n 

+ 2. For 2 < A: < n — 1, 

let 



Wn-k,l 

= { {xii ■ ■ ■ 

Xlk- 

_^)xi\l<£i< ••• <^k- 

.1 < n - 2, 

4-1 < f < n}, 


Wn-k,2 

= { (xh ■ ■ ■ 

Xlk- 

_i) (^^1 ' ' ' ] 

) XfiXn—l 1 

1 < 4 < • • • < 4- 

1 < n - 2}, 

Wn-2,3 


_ 2 X„} and, for k > 3, Wn-k,3 

= { [xh ■ ■ 

• ^ 4 - 2 ) Xn-lXn-2Xn | 1 < -^1 < • ' ' < 

Wn-k,A 

= { (X4 • • • 

Xlk- 

-^)x\-l, x’l_^\i<ii< 

■ ■ ■ ^k—i 

< n - 2, 2<i< 

: k}, 

^^n—k,5 

= { [xh ■ ■ ■ 

Xik- 

-i) Xn, X^ 1 1 < 4 < • • • 

^ ^k—i ^ U 

- i - 1, 2 <i < 

k}, 

^^n—k,6 

= { • •' 

■Xik- 

-i) X^_iXn-i, X^_iXn-k 

1 f - 1 < 

* * * ^ ^k—i ^ U 

-2, 2 < i < A:|, 

^^n—k,7 

= { [xh ■ ■ ■ 

Xtk- 

\ 7—9 k—9\ 

1 /y» 'Y*-t ^ 'Y* -1 'Y*^ ^ 

1 < < • 

• • < 4-i <n-i, 

2 < f < A:} 
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and 


— Wn-k,l U Wn-k,2 U Wn-k,3 U Wn-k,i U Wn-k,5 U Wn-k,6 U Wn-k,7- 
Notice that, for 2 < A: < n — 1, we have 

|(r„_Mi = (V) + 2 ( 2 ;i). 

= (tl), 

(”h7‘). 

\Wn-tf\ = = Eh2 (;:S 

and so HV„_,| = (”-^) + 2(;:?) + 2(r?) + Gli) + 2 Ets ("K') + 2 El, (tl) = 0+2 E?.l (Tl)- Tins, 

for l<A;<n—l,we have 


I^A:| = 


n 

n — k 


n—k 


+ 2E 


2=1 


n — % 
n — k — i 


n 


n—k—l 


+ 2 E 


k + i 
i 


n—1 


+ 2E 


2=0 ^ ^ i=k 

and, by Gould (1.52) identity [IH page 7], i.e. Yl'^k il) = (T+i)’ follows |lhfc| = {1) + 2(fc+i)- Finally, let 

= {xl} 


and 


Notice that 


n—1 


IF = {1} U U hFfc 


k=0 


iF^i = ‘^+Trk=\\Wk\ 

= 2+E^=i(a)+2(,:,)) 

= 2+Efci'a)+2E^i'a:i) 

= 2 +E^=ia)+ 2 EL 2 a) 

= 2 + (2*" - 1 - 1) + 2(2*" - 1 - n) 

= 3-2’"-2(n + l) 

= \OVVn\. 

Observe that, for 0 < A: < n — 1, each word of Wk represents a transformation of rank k of OT>Vn- 
Lemma 3.1 kF constitutes a set of forms for {A\ R). 


Proof. As observed after Theorem 11.11 it suffices to show that for each letter x d A and for each word w € IF, 
there exists a word w' & W such that the relation wx = w' is a consequence of R. 

In order to perform this aim, we consider separately the word u) € VF in each of the subsets considered 
above that defines IF. Namely, in lF„_i, Wn-k,r, for 1 < r < 7 and 2 < k < n — 1, and IFo. 

I. Let w G Wn-i and j G {1,..., n}. We consider five cases. 

Case 1 . w = Xi, with f G { 1 ,..., n — 2 }. If i < j then wxj = XiXj G lF,i-2,i. If j < i, by applying a 
relation {R2), we have wxj = XiXj = XjXi G lFn-2,1. If j = * then, by applying a relation (i?i), we 
have wxj = x? = Xj G TF^-i. 
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Case 2 . w = Xn-i- If J G {1 ,... ,n — 3} then, by a relation {R 3 ), we have wxj = Xn-iXj = Xjj^\Xn-i € 
VF„_ 2 ,i. If j = n — 2 then wxj = Xn-iXn -2 £ bKn-2,6- If j = n — 1 then wXj = € VFn-2,4- If 

j = n then wxj = E Vbn-i- 

Case 3. w = x„. If j = 1 then wXj = E VKn- 2 , 7 - If j € {2,... ,n — 2} then, by a relation (i? 4 ), 

we have wxj = XnXj = Xj-iXn E VKn- 2 ,i- If j = n — 1 then wxj = E Il^n-i- If j = n then 

WXj = E bF'n-2,5- 

Case A. w = Xn-iXn- If j = 1 then, by relations {Rg) and {R 5 ), we have wxj = = x^_]^x^ = 

xix„_iXn E bFn- 2 , 2 - If J £ {2,... , n—2} then, by relations {R 4 ) and {R 3 ), we have wxj = Xn-iXnXj = 
Xn-iXj_iXn = XjXn-iXn E Ibn- 2 , 2 - If j = n — 1 then, by the relation (Rg), we have wxj = 
Xn-iXnXn-i = Xn-i E Wn-i- If j = u then, by the relation {Rg), we have wxj = x^-ix^ = x^xi E 
bbn-2,7- 

Case 5. W = XnXn-l. If J € {!,... , n — 3} then, by relations (Rg) and (Ri), we have wxj = XnXn-iXj = 
XnXj+iXn-i = XjXnXn-i E Ib„- 2 , 2 - If j = n — 2 then, by relations {Rq) and {Rj), we have wxj = 
XnXn-iXn-2 = x^x^_]^ = Xn-2XnXn-i G Wn-2,2- If j = n - 1 then, by the relation {Rq), we 
have wxj = XnX^_;^ = Xn-iXn -2 G IIn-2,6- If j = n then, by the relation (Rio), we have wxj = 
XnXn—lXn — Xjj E 

II. Let w E Wn-k,!-, with 2 < A: < n — 1, and j E {1,... , n}. Then, for some 1 < < • • • < (.k-i < n — 2 and 

ik-i < i < n, we have w = (x^^ • • • X 4 _ J Xj. We consider three cases. 

Case 1. i < n — 2. If i < j then wxj = (x^^ • • • X 4 _^) XiXj = (x£^ • • • X 4 _^Xi) Xj E IT„_(fc_|_i) 4 . If j < i 
then wxj = {xe^ ■ ■ ■ X 4 _ J XiXj = (xg^ ■ ■ ■ xg^XjXg^_^^ ■ ■ ■ xg^_J x*, with It < j < ^t+i and 1 < t < A;-1, 
by applying k—t times relations (i? 2 ). If either it or it+i is equal to j then, by a relation (i?i), we have 
(x 4 • • • Xi^XjX^^_^_^ ■ ■ ■ X 4 _J Xi = w G ITn-fc,i. Otherwise (X 4 • • • xg^XjX^^_^_^ ■ ■ ■ X 4 _J Xj E IT„_(fc+i)^i. 
If j = i then wxj = (X 4 • • • X 4 _ J x‘f = w G Wn-k.i-, by applying a relation {Ri). 

Case 2. i = n - 1. If j E {1,..., n - 3} then wxj = (xg^ ■ ■ ■ xg^_J Xn-iXj = (xg^ ■ ■ ■ xg^_J xj+iXn-i, 
by applying a relation (R 3 ). Now, as above, by applying enough times relations from (R 2 ) and, for 
j + 1 E {ii,... ,£fc-i}, also a relation (iii), we obtain wxj = w G Wn-k,i or wxj = w' G Wn-(k+i),i- 
If j = n - 2 then wxj = {xg^ ■ ■ ■ X 4 _ J Xn-iXn _2 E IT„_(fc+i), 6 - If i = n - 1 and > 1 then 
wxj = (x 4 • • • X 4 _ J xl_i G Wn-(k+i), 4 - If j = n - 1 and Ai = 1 then wxj = (xi • • • X 4 _ J x^_i = 
(x 4 ■ ■ ■ X£j,_J xix^_;^ = (x 4 ■ ■ ■ X£j._j) x‘^_i G ILn-A:, 4 ) by hrst applying A — 1 times relations from 
{R 2 ) and then the first relation of ([T]). If j = n then wxj = (X 4 ■ ■ ■ X 4 _^) Xn-iXn G Wn-k, 2 - 

Case 3. i = n. If j = 1 then wxj = (X 4 • • • X 4 _^) x^xi E Wn-(k+i), 7 - If j G {2,...,n — 2} then 
wxj = (x£^ • • • X£j._j) XnXj = (x£^ • • • xg^_^) Xj-iXn, by a relation (R^). Again, as above, by applying 
enough times relations from {R 2 ) and, for j — lG {ii ,..., Ik-i}, also a relation {Ri), we obtain wXj = 
w G Wn-k,i or wxj =w'g Wn-(k+i),i- If j = n - 1 then wxj = [xg^ ■ ■ ■ X 4 _ J x^Xn-i E Wn-k, 2 - If 
j = n and ik-i < n — 2 then wxj = (X 4 • • • X 4 _ J x^ E Wn-{k+i),r>- ffj = n and ik-i = n — 2 then 
wxj = (x 4 • • • xg^_^Xn- 2 ) xl = (x 4 • • • X 4 _ 2 ) Xn- 2 xl = {xg^ ■ ■ ■ xg^_^) x^ G Wn-k, 5 , by applying the 
third relation of 

III. For w G Wn-k,r, with 2 < A < n — 1 and 2 < r < 7, and j G {1,..., n}, similar calculations to the previous 

cases, mostly routine, assure us the existence of rc' E IT such that the relation wxj = w' is a. consequence 

of ii. In fact, we may find w' belonging to: 

!• W^n—k ,2 L fVn—(^k+l ),2 W^n—k,l U W^n—[k+l ),6 L Wn—(k-\-l),7> if X 2 , 

2 . ITn_ 3,3 U ITn- 2,6 U IT„_ 2 , 7 , if x = 3 and A = 2 ; 

3. IT„_fc ,3 U IT„_(fc+i )^3 U IT„_fc ,6 U Wn-k, 7 -, if X = 3 and A > 3; 

4. Wn—k,i U Wn—(k+l),i U Wn—k,l U Wn—(^k+l), 6 j if X = 4; 

b. f^n—k,5 II (A:+l),5 U ITn—fc,l U W^n—k,i U W^n—(k+l),7j if X 5, 
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6. Wn-k,6 u Wn_^k+I),e U Wn-k,3 U Wq, if r = 6; 

7. TFn-fc,? U 7 U VF„_fc^ 3 , if r = 7. 


IV. Finally, we show that x^xj = x” is a consequence of R, for j € {1,..., n}. We consider four cases. 
Case 1. j G {1,..., n — 3}. Then 


X ' ^ /y» . - rp 

TX'^ 3 — 


= Xl 
= Xl 
= Xl 
= Xl 

- rpXX 

‘^r) 


Xn— 2 Xn—l^n— 2 ^j 

^n— 2 ^n—l^j^n —2 

^n— 2 ^j-\-l^n—l^n —2 

* * * ^n— 2 ^n—l^n —2 
^j +1 * * * ^n— 2 ^n—l^n —2 


by applying relations (-Rii), (-R 2 )? (Rs): {^ 2 )^ (Ri) and (-R 11 ) in an orderly manner. 
Case 2. j = n — 2. By applying relations (-R 11 ) and (i2i), we have 


* * * ^n—2^n—l^n—2 — ‘ * * ^n—2^n—l^n—2 — 


Case 3. j = n — 1. We obtain 


^ - /ytXX 

'^TX'^J ‘^ 72 ‘^ 71 *^ 72—1 


— Xl * * * Xn— 2 Xn—l^n— 2 ^n^n—l 
= Xl • •• Xn-2Xn-lxlxl_i 
— Xl • • • Xn— 2 Xfi—iXiiXfi—iXn —2 
— Xl * * * Xn—2^n—l^n—2 

— rpU 

by applying relations (i?i 2 ), (7?ii), (I??), {R%)-, (Rg) and (i?ii) in an orderly manner. 

Case 4. j = n. This is exactly relation (i?i 2 ). 

This completes the proof of the lemma. ■ 

At this stage, we proved all the conditions of Theorem 11.11 Therefore, we have: 

Theorem 3.2 The monoid OWn is defined by the presentation (A | ii), on n generators and + 3 

relations. 


4 Presentations for Wn 

In this section we exhibit two presentations for T>Vn- We start by construct a presentation associated to the set 
of generators B and then deduce a new one associated to the set of generators C. Recall that R = A U {/i} = 
{xi,...,x„,/i} and C = {/i,Xn}U{xi | 1 < z < L^JI- _ 

Consider the set B as an alphabet (with n +1 letters) and the set R formed by all relations from R (defined 
in the previous section) together with the following monoid relations: 

(iWo) = 1; 

{NRi) hxn-i = Xnh, hxn = Xn-ih and hxt = Xn-i-ih, 1 < i < n — 2; 

{NR 2 ) X^~^h = XnXn-lXn-2 ---X2Xl. 




Notice that i? is a set of + |n + 5 monoid relations over the alphabet B. 

It is a routine matter to prove that all relations from R are satisfied by the generating set B of Wn (with 
the natural correspondence between letters and generators). 

Now, let Oij = (p € OWn, for 1 < i,j < n. Then and aij = ai^n^n,= ai^nXn~^aij , 

for 1 < i,j < n. Let Ui and Vi be the words of W (defined in the previous section or even any other set 
of representatives of all elements of OWn over the alphabet A) that represents the elements ai^n and ai^i 
of OWn, respectively, for 1 < i < n. Hence the word Uix'^~^Vj over the alphabet A also represents the 
transformation G OWn, for 1 < i,j < n. 

Let Wa = {uiX^~^Vj I 1 < i, j < n} U Wq and H(g = IT \ Wa- Notice that Wa is a set of representatives for 
the transformations of OWn of rank less than or equal to one and is a factor of each word of Wa- Let 
W = WU{wh\w G Wfi}. Since also \W\ = |IT| + \Wfi\ = 2\W\ - |IT„| = 2\OWn\ - (rf + 1) = \Wn\, by 
Theorem Ol we may conclude that the monoid Wn is defined by the presentation {B \ R). 

On the other hand, it is easy to show that relations (NRi) are a consequence of (NRq) and 

(MZi) hxn = Xn-ih and hxi = Xn-i-ih, 1 < i < 

Moreover, within the context of relations (NRq) and (NRi): 

1 . Relations (Ri) are equivalent to relations 
(Ri) = Xi, 1 <i< L^J; 

2. Relations (R 3 ) are equivalent to relations (R 4 ); 

3. Relations (R 5 ) and (R 7 ) are (both) equivalent to relation 

(Ry) x'^hxnh = hxihxn', 

4. Relations (Re) and (Rg) are (both) equivalent to relation 
(Rg) hXnhxl = XnXl] 

5. Relations (Rg) and (Rio) are (both) equivalent to relation 
(Rio) XnhXnhXn = Xn- 

Therefore, if we denote by U the set of monoid relations over B formed by all relations from 
(Ri), (R 2 ), (R 4 ), (Rj), (Rs), (Rio), (Rii), {R 12 ), (RRo)) (RRi) and (AR 2 ), 

we have: 

Theorem 4.1 The monoid Wn is defined by the presentation {B \ U), on n + 1 generators and ^(n^ — n + 
13 — (—1)"') relations. 

We finish this section, and the paper, by removing superfluous generators from the above presentation of 
Wn, i-e. since x„_i = hxnh and Xn-i-i = hxih, for 1 < i we remove all letters/generators Xi, for 

< i < n — 1, replace all of their occurrences by the previous expressions in all relations of U and remove 
all trivial relations and all relations clearly deductible from others obtained in the process. 

First, we turn our attention to relations (R 2 ). Since l<i<j<n — 2 may be decompose in 

^ _ 2 77, — 1 77 , — 1 

1 < z < j < [ —-—J or 1 < i < [ —-—J < j < n — 2 or [—^— J <i<j<n — 2, 

and, for the case < i < j < n — 2, we have XiXj = XjXi if and only if {hxn-i-ih){hxn-j-ih) = 

{hxn-j-ih){hxn-i-ih) if and only if Xn-i-iXn-j-i = Xn-j-iXn-i-i, and l<n — j — l<n — i — 1< L^^J) 
then we obtain the following relations from (R 2 ): 
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(i? 2 ) XiXj = XjXi, I < i < j < L^^J) and Xihxn-j-ih = hxn-j-ihxi, 1 <i < < j < n — 2 . 

Now, we consider the relations {R 4 ): = XiXn, with 1 < i < n — 3. For i = we get the 

relation Xnhx^r^-^h = and, for < i < n — 3, we have Xnhxn-i- 2 h = hxn-i-ihxn, i-e. Xnhxjh = 

hxjj^ihxn, with 1 < j < Hence, we obtain the following relations from {R 4 ): 

{R 4 ) XnXi+i = XiXn, 1 < * < ) X„/lX|-n^-|/l = and XnhXih = hxi+ihxn, 1 < i 

Next, from (-Rn) and {MI 2 ), we obtain 

(i?ll) X” = Xl • • • X|^r^j /lX|-ri^-| • • • XlX^Xlh, 

{NR 2 ) Xn~^h = XnhXnXi ■ ■ ■ X|-n^-|/iXj^n^j • • • Xi, 
respectively. 

Finally, it is easy to show that, from (NRi), only for n odd we obtain non trivial relations and, in fact, a 
unique one, namely 

(NRi) hxr^ = Xn^h, if n is odd. 

2 2 

Let us assume that (M?i) denotes the empty set for n even. 

Denote by V the set of monoid relations over B formed by all relations from 

(i?i), {R 2 ), (Ri), {R 7 ), (Rs), (Rio), {Rn), (Ru), (AKo), (M?i) and (M? 2 ). 

Thus, we have: 

Theorem 4.2 The monoid Wn is defined by the presentation {C \ V), on generators and |n^ + ^ 

relations, for n odd, and |n^ — |n + 5 relations, for n even. 
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